ABSTRACT. This paper is concerned with a class of neutral difference equations of second order with positive and negative coefficients of the forms 
Introduction
In this paper, we consider the oscillation and asymptotic property of nonoscillatory solutions of the second order linear neutral delay difference equations of the forms By a solution of ( 1 ) (or ( 2 )), we mean a real sequence { } which is defined for ≥ 0 − and satisfy ( 1 ) (or ( 2 )) where = max{ , }. A solution { } of Ì ÓÖ Ñ 2.1º Assume that
hold. If 
which contradicts the fact that → −∞ as → ∞. We therefore have Δ ≥ 0 for ≥ 3 . Now, the summation of (2.2) from 3 to − 1 gives
then from (2.3) and ( 2 ), it follows that
On the other hand, from (2.1) we have
so that is a nondecreasing sequence. Therefore > 0 for ≥ 3 and 
All the conditions of Theorem2.1 are satisfied. Hence every solution of (2.6) oscillates.
Ì ÓÖ Ñ 2.3º Let ( 1 ) and
then every solution of ( 2 ) is oscillatory or tend to zero as → ∞. P r o o f. Let be a nonoscillatory solution of ( 2 ) such that > 0 and
we obtain, from ( 2 ) using ( 1 ) 
This contradiction shows that is bounded from above. Thus, there exists a constant > 0 such that < for ≥ 2 . Then it follows from (2.7) that 
oscillates or tend to zero as → ∞.
Example 2.5. By Theorem 2.3, every solution of
Remark 2.6º P a r h i and T r i p a t h y [9] proved that if
holds, then every solution of (2.9) oscillates (see [9, Theorems 2.6, 2.7]). However, ( 6 ) cannot be regarded as a sufficient condition for the oscillation of (2.9). This is evident from the following example.
Example 2.7. Consider
2 is a nonoscillatory solution of (2.11) which tends to zero as → ∞, although ( 6 ) is satisfied. By Corollary 2.4 we come to the right conclusion. Thus the statement of [9, Theorems 2.6, 2.7] should be stated as:
holds, then every solution of Ì ÓÖ Ñ 2.11º Let
Assume that < 2 for ≥ 1 ≥ 0 and
holds, then every solution of ( 2 ) is either oscillatory or tend to zero as → ∞.
P r o o f. Let be a nonoscillatory solution of ( 2 ). Assume that > 0 for
, we obtain 
as → ∞, a contradiction to the fact that < 0 for ≥ 3 . Hence is bounded. Suppose that lim sup Since lim sup 
Hence from (2.13), (2.14) and (2.15), we obtain
. Multiplying (2.16) by +1 , we obtain by using the decreas-
Summing the above difference inequality from 6 to and letting → ∞ we obtain
a contradiction to ( 9 ). Thus the theorem is proved. □
We note that ( 7 ) is weaker than ( 1 ). When ≥ 2, where is defined in (2.12), we have the following result: 
The above inequality can be written in the form
Summing the above inequality from 6 to − 1 and letting → ∞, we obtain a contradiction. Thus the theorem is proved. Using Lemma 2.13 we have the following theorem.
Ì ÓÖ Ñ 2.14º Let ( 7 ) and ( 8 ) hold.If
holds, then the conclusion of Theorem 2.11 hold, where is defined as in (2.12).
P r o o f. Let be an eventually nonoscillatory solution of ( 2 ). One may proceed as in the proof of Theorem 2.11 to show that → 0 as → ∞ when Δ < 0 for large . Next suppose that Δ > 0 for large . As in the proof of Theorem 2.11 it is easy to obtain (2.16) from which we see that Δ is a positive solution of
for large which is again a contradiction due to Lemma 2.13. Hence the theorem is proved. □ From the proof of the above theorems, it seems that the assumption ≥ +1 leads to the conclusion that: every solution of ( 2 ) oscillates or tend to zero as → ∞. Thus in our next theorem, we make the assumption that ≥ + 1 which will lead us to the conclusion that every solution of ( 2 ) oscillates.
Ì ÓÖ Ñ 2.15º Let ≥ + 1, ≥ + 1 and
OSCILLATION OF NEUTRAL DELAY DIFFERENCE EQUATIONS OF SECOND ORDER
Further suppose that ( 6 ) and
then every solution of ( 2 ) is oscillatory.
P r o o f. Let be a nonoscillatory solution of ( 2 ) such that > 0 and
we see from ( 2 ) that
This in turn implies that > 0 or < 0 for some ≥ 2 ≥ 1 . First suppose that < 0 for ≥ 2 . If Δ < 0 for large , then < − for some ≥ ≥ 2 and > 0. Since < + − , then
and therefore,
By combining (2.21) and (2.22) we get 
Consequently, we have that 
Moreover, using + − − ≥ , ≥ 0 , we get 
then every solution of (2.9) is oscillatory.
Oscillatory behaviour of solutions of equations ( 1 ) and ( 2 ) with forcing terms
This section deals with the oscillation and asymptotic behavior of nonoscillatory solutions of 
Then every solution of ( 3 ) is oscillatory or tend to zero as → ∞.
P r o o f. Let { } be a nonoscillatory solution of ( 3 ) such that > 0 and
where is defined by (2.1). Then from ( 3 ) and ( 1 ) we obtain
Thus Δ is eventually a nonincreasing function and Δ ≥ 0 or Δ < 0 for some ≥ 2 ≥ 1 . First suppose that Δ < 0 for ≥ 2 . Then < 0 for some ≥ 3 ≥ 2 and lim 
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Taking limit as → ∞, we see that
a contradiction. Hence is bounded from above. Thus there exists a constant > 0 such that ≤ for ≥ 3 . Hence from (3.1)
a contradiction. Therefore, Δ ≥ 0 for ≥ 2 . Then summing (3.2) from 2 to ∞, we obtain (2.3). This proves that → 0 as → ∞.Thus the theorem is proved. □ Example 3.2. By Theorem 3.1, every solution of
is oscillatory or tends to zero as → ∞. In particular, = (−1) is an oscillatory solution of the equation (3.3) . In this case, =
One may proceed as in the proof of Theorem 3.1 to prove the following result.
Ì ÓÖ Ñ 3.3º Let ( 1 ), ( 4 ), ( 5 ) and ( 11 ) hold. Then every solution of ( 4 ) is oscillatory or tends to zero as → ∞.
Example 3.4. Consider Remark 3.5º From Theorem 3.1 and Theorem 3.3, it seems that the behaviour of forces all nonoscillatory solutions of ( 3 ) and ( 4 ) tend to zero as → ∞. In the following, we do not insist that → 0 as → ∞. Instead, we assume that changes sign with Δ 2 = . This enables us to show that every solution of ( 3 ) and ( 4 ) oscillates. However, these results do not hold good for the corresponding unforced equations ( 1 ) and ( 2 ) respectively.
The following conditions are needed for our use in the sequel. Ì ÓÖ Ñ 3.6º Let ( 3 ), ( 7 ), ( 12 ) 
This in turn implies that
Taking limit as → ∞ both sides in the above inequality, we obtain lim inf 
Now, taking lim inf
→∞ both sides in the above inequality, we see that 
Summing the above inequality from 4 to − 1 and letting → ∞, we obtain
a contradiction to ( 13 ). Hence < 0 for ≥ 3 . There are two cases in hand, Δ ≥ 0 and Δ < 0 for some
If is bounded from above, then from ( 14 ) and (3.1) it follows that is bounded, a contradiction. Hence must be unbounded. Thus there exists an increasing sequence { } 
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Letting → ∞, we obtain a contradiction. Next, suppose that Δ ≥ 0 for ≥ 5 . Then from (3.6) we have
Using ( Ì ÓÖ Ñ 3.9º Let ( 7 ), ( 10 ), ( 12 ) and ( 13 ) hold. Then every solution of
oscillates.
From Theorems 3.8 and 3.9, it seems that the presence of in ( 3 ) forces us to assume some additional conditions in Theorem 3.8, these are ( 14 ) and lim inf →∞ − = 0. Hence an improvement of Theorem 3.8 is necessary.
